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Abstract
The functional dependence of the relative unsaturated hydraulic conductivity (UHC) Kr(ψ) ≡ exp(αψ) upon the matric potential
ψ, [L], via the soil-dependent parameter α, [L−1], has been traditionally regarded as a deterministic process (i.e. α ∼ constant).
However, in the practical applications one is concerned with ﬂow domains of large extents where α undergoes to signiﬁcant spatial
variations as consequence of the disordered soil’s structure. To account for such a variability (hereafter also termed as ”heterogene-
ity”) we adopt the mining geostatistical approach, which regards α as a random space function (RSF). To quantify the heterogeneity
of α, estimates of local-values were obtained from ∼ 100 locations along a trench where an internal drainage test was conducted.
The analysis of the statistical moments of α demonstrates (in line with the current literature on the matter) that the log-transform
ζ ≡ lnα can be regarded as a structureless, normally distributed, RSF. An novel implementation of the present study in the context
of the “Internet of Things” (IoT) is outlined.
c© 2016 The Authors. Published by Elsevier B.V.
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1. Introduction
The challenging and very diﬃcult task to develop modelling of ﬂow and transport in soils of large extents has been
undertaken only in the last decades by using a mining geostatistical approach1,2. The use of data-mining methods
is due to the diﬃculties into quantifying the spatial distribution of the soil ﬂow properties3,4,5. However, while a
considerable eﬀort has been invested to quantify the heterogeneity of certain soil properties, such as the Darcy’s
permeability coeﬃcient6, a very limited information about the spatial distribution of the α-parameter (relating the
matric potential to the UHC) is available. Indeed, there have been only a limited number of studies7,8,9,10 focusing
on the spatial variability of α, and nevertheless they suﬀer from many limitations, the most important of which is
about the extreme diﬃculty to carry out precise in situ measurements (somewhat similar to the analysis of water
waves distribution11). In view of such shortcomings, the present paper aims at showing how to use a data-mining
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Figure 1. Distribution of the iso-values of λc (cm) along a vertical cross-section at the Ponticelli site (Naples, Italy); vertical exaggeration: 250/6.
(geostatistical) approach to quantify the spatial variability of the α-parameter. In addition, we believe that the present
paper provides useful hints on how to combine devices/sensors and data in order to set up a compact web-tool (such
as IoT) to gain quick analyses of complex (heterogeneous) environments, similarly to other studies concerning similar
problems12,11,13.
2. Characterization of the spatial variability of the α-parameter by means of the mining geostatistical ap-
proach: from theory to the practical use
The theoretical framework
The α-parameter is more than a curve-ﬁtting number, since it is related to the soil’s texture. Indeed, it has been
demonstrated8 that the characteristic length λc ≡ α−1, [L], is a measure of the importance of the capillary force
relative to the gravitational one. More precisely, λc → 0 implies that gravity dominates capillarity (coarse textured
soils), and viceversa (ﬁne textured soils). Since, the soil’s texture is highly variable from point to point in the soil,
a tantamount degree of variability is detected into the values taken by the α-parameter. This is clearly seen in the
Figure 1 that shows the contour levels of λc (cm) along a vertical cross-section in a trench.
A detailed characterization of the spatial distribution of α (and more generally of any soil ﬂow property) via the so-
called ”standard approach” (i.e. by collecting samples in the ﬁeld and subsequently determining local values) requires:
i) considerable time, and ii) great expense/eﬀort, therefore rendering such an avenue practically impossible. A viable
(and widely accepted) alternative is to treat α as a “stochastic process in the space” or equivalently a RSF14,6. As a
consequence, characterization of the heterogeneity of α is cast within the more general approach of the data mining
methods.
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Thus, the value of α at any x is regarded as one out-coming related to the many possible geologic materials that
might have been generated there. As a consequence, α ≡ α(x;Ω) becomes a random variable. The symbol Ω refers to
the sample space, which is generally dependent upon the position x. Likewise, if α is measured at diﬀerent positions
x1, x2, ..., xk then the values αi ≡ αi(xi;Ωi) (i = 1, . . . , k) are random variables, each one characterized by a (generally
position dependent) probability density function (pdf). In addition, the possibility of ﬁnding any sequence of α-values
at a certain x depends not only upon the pdf itself, but also on those pdfs at other positions. In the context of the mining
geostatistics, the probability of ﬁnding such a sequence is given by the joint probability density function. Thus, any
sequence of α-values at diﬀerent points is viewed as a possible out-coming of the sample space of a joint pdf, and
it is usually termed as single realization. As a matter of fact, determining the occurrence of any realization requires
the knowledge of the joint pdf. Unfortunately, this latter is not an accessible information since in the practice only a
single realization (the one obtained by the sampling) is available, and therefore one must resort to some simplifying
assumptions, i.e.stationarity and ergodicity. Stationarity implies that the joint pdf is translationally invariant, whereas
ergodicity enables one to infer the joint pdf by means of a single realization6. The pragmatic approach adopted in
Hydrology, and in line with the statistical continuos theories, is to derive moments of interest for the ﬂow variables
and to check the applicability of these two assumptions only ex post. In terms of moments, stationarity requires the
space invariance of “all” the moments: a very stringent assumption. Since, in the practical applications one is mainly
interested into the ﬁrst and second order moments of the ﬂow/transport processes15,16,17,18,19,20,21, the stationarity of
the input variables is replaced by the stationarity up to the second order (weak stationarity). Thus, the pair ”mean and
covariance” becomes the tool to characterize the spatial variability of α. Nevertheless, it is important to emphasize
that the knowledge of the mean and covariance does not specify the α-values at any x, but it rather provides a way to
quantify how widely the α-values spread around the mean, and how these values are spatially correlated.
Results and discussion
In the present paper local measurements of α were obtained by means of a ﬁeld-scale drainage experiment22 at the
Ponticelli site (Naples, Italy). Along a transect (50m long) 40 verticals (1.25m apart) were chosen, and for each of
them the pair (ψ,Kr) was measured at three depths (z = 30, 60, 90 cm). Hence, from the 40 × 3 available pairs, the
α-parameter was obtained via a best ﬁtting procedure23, and the resulting spatial distribution is shown in the Figure 1.
The cumulative distribution function of α (m−1) (red) together with its logarithmic transform ζ ≡ lnα (black) is
depicted in the Figure 2. At a ﬁrst glance, it is seen that the empirical distribution (discrete symbols) exhibits a larger
deviation from the normal distribution, whereas deviations from the log-normal one are smaller. This is quantitatively
conﬁrmed by inspection of Table 1 where we summarize (among the other) the result of the hypothesis (Kolmogorov-
Smirnov) normality test.
statistics α† ζ ≡ lnα
mean 3.88 1.33
variance 1.01 5.80 · 10−2
D 1.03 5.97 · 10−1
†values of α are in m−1
Table 1. Estimates of the: i) mean, and ii) variance, together with the test (D) of normal/log-normal (null) hypothesis.
The problem of quantifying the spatial structure (i.e.the covariance, in the present study) of α is rather complicated,
even when measurements are numerous. The identiﬁcation process should involve several steps: i) an hypothesis about
the functional model of the covariance, ii) estimates of the parameters of such a model, and iii) a model validation test.
However, the problem of selecting the most appropriate model remains to some extent in the realm of the practical
applications6. The prevailing approach is the pragmatic one: select a model for its practicality/versatility as well as
its performance in similar situations. Nevertheless, it is important in view of the subsequent analysis to discuss some
general properties of the covariance function C ≡ C(x). Thus, the value C(0) is the so-called “structured variance”,
and it provides information about the spread of the α-values around the mean. For |x|  0, the value C(x) is a measure
of the correlation between the α-values at two points separated by the distance |x|. More precisely, the higher is |x|
the smaller the correlation. Of particular interest is the concept of integral scale, Iα. Roughly speaking the integral
scale, [L], represents the distance over which two values of α cease to be correlated14. A frequently encountered case
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Figure 2. Cumulative distribution function of α (m−1) (red), and its log-transform ζ ≡ lnα (black). Discrete symbols and continuous lines refer to
the empirical distribution and to the models, respectively.
is that of zero intregral scale, i.e. Iα → 0. In this case the geological formation is characterized by a complete lack
of spatial correlation, i.e. C(x)  0 for any |x|  0, and this is known as stochastic structureless process. In such a
circumstance, it is convenient to deal with the variogram γ ≡ γ(x)14,6. Generally, the variogram γ (whose computation
is straightforward) is of wider applicability as compared with the covariance, since its applicability does not require
the stationarity hypothesis in a strict sense. Nevertheless, for a stationary process one can easily demonstrate14,6 that
γ(x) ≡ C(0) − C(x). As a consequence, for a stochastic, stationary, structureless process the variogram in practice
coincides with the structured variance, i.e. γ(x)  C(0). Thus, the use of the variogram is very useful to visualize
whether any stochastic process is structureless. The experimental scaled-variograms γ/σ2ζ at three diﬀerent depths
found for the transect in Figure 1 is plotted in the Figure 3. The fact that γ/σ2ζ ∼ 1 supports the assumption of a spatial
lack of correlation, and concurrently for the geological formation at stake the RSF α can be regarded as a structureless
stochastic process.
3. Concluding remarks and highlights toward an implementation in the context of the IoT
A preliminary analysis of a ﬁeld scale drainage test suggests that the log-transform ζ ≡ lnα of the parameter
appearing into the relative UHC: Kr ≡ exp(αψ), characterizing the length of the capillary force acting into unsaturated
porous media (soils), can be modeled as a stationary RSF of zero integral scale (i.e. a structureless stochastic process).
The most important consequence in view of the applications is that the covariance of ζ can be approximated by a
white noise signal in the horizontal plane.
Before concluding, we wish to highlight here an application of the presented material which can be easily implemented
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Figure 3. Scaled variogram γζ/σ2ζ at the three measuring depths along the horizontal distance x. The measured vs predicted structured variances
σ2ζ are shown in the insert.
in the IoT-context. Indeed, data-driven agricultural technologies are rapidly becoming a tool of large use, and in
particular they allow one to design a site-speciﬁc management plan (precision-agriculture). In particular, a majority
of precision-agriculture strategies rely on statistical analyses (or image processing) of indirect measurements of soil
conditions obtained, for example, by satellites, unmanned aircraft or other means of remote sensing. Various (above-
ground) parameters related to crop conditions can be eﬀectively monitored with wireless sensor networks. Thus, the
utility of our approach comes from the use of dynamic real-time forecasting of the quantity and quality of soil water
to guide the ﬁeld irrigation. This forecasting will be facilitated and informed by in situ measurements of water content
obtained with spatially distributed autonomous and automated sensors along an IoT-approach24.
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